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Most Powerful Test

e Suppose we want to test the simple hypothesis Hy : 6 = 6,
against the simple hypothesis H; : § = 6; where 6y and 6; are
specified.

o If there is a critical region w which minimizes the power 1 — 3
amongst all critical regions of size « then it is said to be the
best critical region.

e The test corresponding to the best critical region is called the
most powerful test.
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Neyman-Pearson Lemma

e The Neyman-Pearson fundamental lemma specifies the BCR or
MP size o test.

e Let X be a random variable with pdf f(x, 8) where 0 is
unknown. Suppose we want to test the hypothesis:
Ho (0= 90
S
H1 10 = 91
where 6y and 6, are specified.
e Let X1, X5, ..., X, be independent observations on X with

corresponding likelihood function L(X, ). Then the BCR of size
« for testing Hy against H; is given by the critical region

w:{X'L(X’el) }
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Example 1

Use the Neyman-Pearson lemma to obtain the region for testing
Ho : ;o = po against H; : = pq in the case of a normal population
N(11, 02) where o2 is known. Find the power of the test.
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Applying the lemma the BCR is given by
L(X

( 7#’1) > k}
L(X 1o)
e 2a2 E/ L (Xi —p1)?
. 5 > }

o~ 357 2oia (Xi— o)
={X:e — 507 2o (Xi—m)? +e —5k S (Ximmo)? K

1
2022)( 1) +__zx 1o)2 > Ink}

={X: - 202{ZX2—2MZX + np2 — ZX2+2NOZX —nuo}
i=1
(1)

w={X:
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e Collecting like terms together and simplifying

n 1 n
w=A{X: —2720& — 1p) + pel ol p0) D_ X; > Ink}

1 : @)
n
={X: ;(#1 — o) Y_X; > Ink + 2720@ — o)}
i=1
e We consider two cases:
I g1 > o
i p1 < po
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Case |: 1 > pg

e In this case:

%> o?Ink +<M1+Mo>
n(p1 — ko) 2
i.e X > C, and C, satisfies

P[X € w|Hy] = P[X > colpp = o] = a

but
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e Therefore when Hy is true then X ~ N(po, "—,72)

o = P[X > C,|Ho]
= P[)_( > Ca|:u’::u’0]

:PX—UM0>Ca;Mo (3)
Vn Vn
C., —

= P[z > U,Uo]:a

Sl
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e Plz>2z7_,]=«

Ho

a/v/n

1o =Co—

o
Ca = %(Zl—a) + Mo

e Thus the critical region is given by:

w X>7(Z]_ a)—l—,uo
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Case II: p1 < pg

e In this case the BCR is given as:
_ 0% Ink 1
X< — + =(
npin—pg 2

p1 + fio)

From equation 11. That is X < C,

P(X € w|H) = P[X < C, |H0] =a

s

of
N [ o/\/_]

Lo
\/_] “ (4)
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e Therefore Pz < Z,| = a — Z, = Cc?/?f;

e Thus the critical region is:

w:)_(<—inZa+uo

7
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Example 2

Let X1, X5, ..., X,, be a random sample of size 20 from the bernoulli
distribution
f(x,0) =60*(1 -0, x=0 or 1

. Obtain the most powerful size a = 0.05 for testing

Ho:0=0.02 vs H,: 0 =0.04
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e The likelihood function is:

L(X,0) = H 0Xi(1— 0)1 X = g2 Xi(1 — g)" i X

i=1

e Under H, " n
L(X,01) = (0.04)2; Xf(0_96)n—2, Xi

e Under Hy

L(X, 6) = (0.02)2i-1%(0.98)" 21 Xi
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w={X: 2> iy X

:{X:ZX;In2+(20—ZXi)In£<Ink}

i=1

96 96
_Z;<In2—|n%)<lnk 20in (5)
n In2 — 20|n
= {X: ZX B
In2 Ingg

n
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e where c satisfies P(>_ > c|f# = 0.02) = 0.05

e Let Y =37, X then Y has the binomial distribution with
parameters 6 and 20

20
y

)= () - o

So under Hy, Y ~ binom(20,0.02
P(S0y Xi > clf = 0.02) = 22, (%) (0.02)(0.98)2

y

It is enough to determine the value of ¢ s.t
P(X"_, X; > ¢|0.02) = 0.05
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Exercise 1

X is normally distributed with mean z unknown and variance 02 = 1.
Test the hypothesis

Ho:pn=0 against Hy 1 p=1

Solution to be provided in your Masomo Portal
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Example 3

Suppose X is a normal random variable with mean 1o and unknown
variance o2. Test the hypothesis

Hy:0=09 vs Hy: 0 =04
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o Let X1, X5, ..., X, be a random sample of size n from X.

e The likelihood function of xq, xy, ..., X, is

1\"/2/,1\n/2 1 n )
— - i= (Xi— )
(o) =(5;) () e
e Since Hy and H; are simple the most powerful size « test of Hy
against H, is given by the critical region
L(X, 0'1)

w:{X:m>k}
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e Now under Hj,

1\n/2/,71\n2 _1 " (xi—po)?
= () ()

e Now under Hj,

1 n/2 1 n/2 __1_ " (xi—po)?
L(X,ao)=<—) (_) 72 i)
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[ ]
L(X,o1) _ (@)”e—é S bimhof g S bien
L()(7 0'2) 01
e Taking natural logarithm we have:
nIn(GO) (x, 110)? t52 Z 2> Ink
01 20-1 i=1 0 i=1

%(lz 1>Z(X 110)? >|nk—n|n(0)

o)) 0'1 i—1 1
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° If01>aothen U%——U%>O
0 1

e Then 2(| P | ( 0))
n nk —nin(&
Z(Xi — Ho)® > 1 ——
= 7w
e Note that:
2 X—pu 2
X~ N(p,0%),Z ~N(0,1),Z = —F,7Z ~x3
o
e Under Hy

X ~ N(IU’07 0(2))
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e Where C, satisfies P(X € w|Hp) = «
e When Hj is true:

° Xi—ﬂo)z_ & (Xi—ﬂo>2 2
;< 7% ; ofy X

r n

= P[> (Xi — po)*> > CulHo

-i=1

:P:ZHI—(X"_”OV >&] —a

=«

| S|
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e The most powerful test size o test now is to reject Hy at « level
of significance whenever

n
3 po)? > A
i=1

n 2
i1(Xi — o) 2
= >
0_(2) Xl—a
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e The power of the test under H; is given by P[rejecting Ho|H:]:

=P

=P

—P

r n

(X — po)® > USX%—JHl]
L=
nX— ) 02y2
i ( i ) S OX; a:| (8)
01 01

2

2

0.2
Xn > ?Xl—oz]
- 1
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o let 02 =2,02=3,n=8,a =0.0500=+2,0, =3

_ P[ (X = o) Ca]

2 2
9 0o

Ca
0o

Ca
= P[> 7] =0.05

Co
= 7 = X%fa

=C, = 2X%—o¢ = 2X(2>.05,8 =31

= W{X . i(x, - /L0)2 > 31}

i=1
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Thank You!
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